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ABSTRACT
We introduce a generalised form of an emergent dark energy model with one degree of freedom for
the dark energy sector that has the flexibility to include both ΛCDM model as well as the Phenomeno-
logically Emergent Dark Energy (PEDE) model proposed by Li & Shafieloo (2019) as two of its special
limits. The free parameter for the dark energy sector, namely ∆, has the value of 0 for the case of
the Λ and 1 for the case of PEDE. Fitting the introduced parametric form to Planck CMB data and
most recent H0 results from local observations of Cepheids and Supernovae, we show that the ∆ = 0
associated with the ΛCDM model would fall out of 4σ confidence limits of the derived posterior of
the ∆ parameter. Moreover, H0 tensions will be alleviated with emergent dark energy model and this
model can satisfy the combination of Planck CMB data and local H0 observations with ∆DIC = −2.88
compared with ΛCDM model.
Keywords: Cosmology: observational - Dark Energy - Methods: statistical
1. INTRODUCTION
The standard ΛCDM model of cosmology has been
greatly successful in describing cosmological observa-
tions including type Ia Supernovae (SNe Ia) (Riess et al.
1998, 2007; Scolnic et al. 2018), Baryon Acoustic Oscilla-
tion (BAO)(Beutler et al. 2011; Ross et al. 2015; Alam
et al. 2017; Zhao et al. 2018) and Cosmic Microwave
Background (CMB)(Ichiki & Nagata 2009; Komatsu
et al. 2011; Ade et al. 2016; Aghanim et al. 2018). De-
spite of its success, comparing the Hubble constant val-
ues estimated from local observations of Cepheid in the
Large Magellanic (LMC)(Riess et al. 2019) and the pre-
dicted values from Planck cosmic microwave background
(CMB) observations assuming ΛCDM model (Aghanim
et al. 2018) represent a serious discrepancy. Considering
some most recent observations, the tension can reach to
about 5σ in significance. This implies that either there
are considerable, but not accounted systematic-errors in
our observations, or, we might need to consider modifi-
cations to the standard ΛCDM model.
Many ideas have been put forward to resolve the ten-
sions, such as interaction dark energy models (Kumar
& Nunes 2017; Di Valentino et al. 2017b; Zheng et al.
2017; Yang et al. 2018b,a; Kumar et al. 2019; Pan et al.
2019a; Di Valentino et al. 2019b), metastable dark en-
ergy models (Shafieloo et al. 2017; Li et al. 2019), Quin-
tom dark energy model (Panpanich et al. 2019) and so on
(Di Valentino et al. 2015, 2016, 2017a; Sola` et al. 2017;
Di Valentino et al. 2018a,b; Khosravi et al. 2019; Joudaki
et al. 2018; O´ Colga´in et al. 2019; D’Eramo et al. 2018;
Guo et al. 2019; Yang et al. 2019a; Poulin et al. 2019;
Yang et al. 2019b; Di Valentino et al. 2019a; Visinelli
et al. 2019; Scho¨neberg et al. 2019; Kreisch et al. 2019;
Keeley et al. 2019; Di Valentino et al. 2019c; Vagnozzi
2019; Yang et al. 2019c; Capozziello et al. 2019). In the
work of Li & Shafieloo (2019), the authors introduced
a zero freedom dark energy model -Phenomenologically
Emergent Dark Energy (PEDE)– where dark energy has
no effective presence in the past and emerges at the later
times. All the results for PEDE model show that if
there is no substantial systematics in Planck CMB data
and assuming reliability of the current local H0 mea-
surements, there is a very high probability that with
slightly more precise measurement of the Hubble con-
stant, PEDE model could rule out the cosmological con-
stant with decisive statistical significance.
In this work, we propose a generalised parameteriza-
tion form for PEDE model that can include both cos-
mological constant and PEDE model. This generalised
parametric form has two parameters to describe the
properties of dark energy evolution: one free parameter
namely ∆ to describe the evolution slope of dark energy
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2density and parameter zt that describes the transition
redshift where dark energy density equals to matter den-
sity. The transition redshift zt locates where dark energy
density equals to matter density and is not a free param-
eter. This Generalised Emergent Dark Energy (GEDE)
model has the flexibility to include both ΛCDM model
as well as the PEDE model as two of its special lim-
its with ∆ = 0 and ∆ = 1, respectively. We emphasis
here that such flexibility and generality are particularly
important to our research on the behaviour of dark en-
ergy evolution, not only because they increase the range
of possibilities to be tested but also because they could
reduce the possibility for misleading results that an in-
correct parameterization form of dark energy evolution
could produce. In practice, the parameterization form
of dark energy density might be slightly different from
PEDE while it still follows emergent dark energy behav-
ior. It can have some interesting implications since dark
energy didn’t exist in the previous time and it basically
appears at late time.
We confront this model with CMB from Planck 2018
measurements (Aghanim et al. 2018) and most recentH0
results from local observations of Cepheid in the Large
Magellanic (LMC) (Riess et al. 2019). We show that the
constraints on the parameter ∆ using the combination
of local H0 measurement and Planck 2018 CMB results,
can rule out the standard ΛCDM model at more than
4σ level where the suggested data combination suggests
an emergent behavior for dark energy.
2. GENERALISED EMERGENT DARK ENERGY
(GEDE) MODEL
Assuming a spatially flat universe and the Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) metric, the Hub-
ble parameter could be written as
H2(a) = H20
[
Ω˜DE(a) + Ωma
−3 + ΩR,0a−4
]
(1)
where a = 1/(1 + z) is the scale factor, Ωm and ΩR,0
is the current matter density and radiation density, re-
spectively. Here Ω˜DE(a) is defined as
Ω˜DE(a) =
ρDE(a)
ρcrit,0
=
ρDE(a)
ρcrit(a)
× ρcrit(a)
ρcrit,0
(2)
= ΩDE(a)× H
2(a)
H20
(3)
and ρcrit,0 =
3H20
8piG , ρcrit(a) =
3H2(a)
8piG . In ΛCDM model,
Ω˜DE(a) = (1− Ωm − ΩR,0) = constant.
In GEDE model, the evolution for dark energy density
has the following form:
Ω˜DE(z) = ΩDE,0
1− tanh
(
∆× log10( 1+z1+zt )
)
1 + tanh (∆× log10(1 + zt))
(4)
here ΩDE,0 = (1−Ωm−ΩR,0) and transition redshift zt
can be derived by the condition of Ω˜DE(zt) = Ωm(1 +
zt)
3 (hence it is not a free parameter). In this model,
when setting ∆ = 0, this model recovers ΛCDM model
and when setting ∆ = 1, it becomes the PEDE model
which was introduced in Li & Shafieloo (2019), except
that in Li & Shafieloo (2019) the authors set zt = 0 for
simplicity while parameter zt in this work is treated as a
transition redshift parameter related to matter density
Ωm and ∆. In Figure 1, we show zt as a function of Ωm
for some certain values of ∆ for demonstration.
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Figure 1. Transition redshift zt as a function of matter
density Ωm for some certain values of parameter ∆.
We can derive the equation of state of GEDE model
following:
w(z) =
1
3
d ln Ω˜DE
dz
(1 + z)− 1 (5)
where we get,
w(z) = − ∆
3ln 10
×
(
1 + tanh
(
∆× log10(
1 + z
1 + zt
)
))
−1.
(6)
While the derived equation of state of dark energy
seems to have a complicated form, it has in fact a simple
physical behavior related to dark energy density. We
should note that for the two special cases of ∆ = 0 and
∆ = 1 we would get the ΛCDM model and PEDE-CDM
model, respectively.
Assuming a spatially flat universe and Ωm = 0.3,
we show properties for GEDE model as a function of
redshift for some certain values of ∆ in Figure 2 for
demonstration. Upper left plot shows the evolution of
equation of state w(z) while upper right plot shows the
evolution of dark energy density Ω˜DE(z) from redshift
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Figure 2. Upper left: Equation of state of dark energy w(z) evolved with reshift. Upper right: the evolution of dark energy
density Ω˜DE(z). lower left: Expansion rate h(z) =
H(z)
H0
as a function of redshift z. Lower right: deceleration parameter q(z)
as a function of redshift z. Inner plots show the evolution for each cosmological quantity in linear scale from z = 0 to z = 2.5.
Ωm = 0.3 and flat universe is assumed and plots are mainly for demonstration.
Table 1. Priors used on various free parameters of ΛCDM
model, PEDE model and GEDE model during statistical
analysis
Parameter s Prior
Ωbh
2 [0.005, 1]
Ωch
2 [0.001,0.99]
100θMC [0.5,10]
τ [0.01,0.8]
ln(1010As) [1.6,3.9]
ns [0.8,1.2]
∆ [-1,10]
10−3 to 102. Lower plots show the evolution of ex-
pansion rate h(z) = H(z)/H0 (left) and deceleration
parameter q(z) (right). Different colors correspond to
parameter ∆ fixed at some certain values for demon-
stration. In terms of linear scale of redshift from 0 to
2.5, we show the evolution for w(z), h(z) and q(z) in
each inner plot, respectively.
In our analysis, we consider CMB measurement
from Planck TT, TE, EE+lowE data released in 2018
(Aghanim et al. 2018). In addition to CMB measure-
ments, we add local measurement H0 = 74.03 ± 1.42
from Riess et al. (2019) in our analysis (denote as R19
hereafter). The constraint results are obtained with
Markov Chain Monte Carlo (MCMC) estimation using
CosmoMC (Lewis & Bridle 2002) at the background
level. Parameter priors for ΛCDM model, PEDE model
and GEDE model during statistical analysis are showed
in Table 1
For quantitative comparison between GEDE model,
PEDE model and ΛCDM model, we employ the de-
viance information criterion (DIC) (Spiegelhalter et al.
2002; Liddle 2007), defined as
DIC ≡ D(θ¯) + 2pD = D(θ) + pD, (7)
4Table 2. We report the 1σ constraint results on the free and derived parameters (with *) of ΛCDM, PEDE model and GEDE
model using CMB and CMB+R19. In the last two rows of the table we also display the ∆χ2 and the ∆DIC values with respect
to ΛCDM model from same data combinations.
Parameters
ΛCDM PEDE GEDE
CMB CMB+R19 CMB CMB+R19 CMB CMB+R19
Ωbh
2 0.02236± 0.00015 0.02255± 0.00015 0.02233± 0.00015 0.02239± 0.00014 0.02236± 0.00015 0.02236± 0.00015
Ωch
2 0.1202± 0.0014 0.1179± 0.0013 0.1204± 0.0014 0.1197± 0.0012 0.1202± 0.0014 0.1201± 0.0014
100θMC 1.04091± 0.00031 1.04121± 0.00030 1.04088± 0.00031 1.04096± 0.00030 1.04090± 0.00031 1.04092± 0.00032
τ 0.0543± 0.0079 0.0580+0.0074−0.0085 0.0545± 0.0078 0.0558± 0.0079 0.0542± 0.0079 0.0552± 0.0079
ln(1010As) 3.045± 0.016 3.047± 0.017 3.046± 0.016 3.046± 0.016 3.044± 0.016 3.046± 0.016
ns 0.9648± 0.0044 0.9704± 0.0043 0.9645± 0.0044 0.9662± 0.0041 0.9647± 0.0043 0.9653± 0.0044
H0∗ 67.28± 0.62 68.35± 0.58 72.24± 0.75 72.65± 0.67 66.76+2.9−0.76 73.2± 1.4
(km/s/Mpc)
Ωm∗ 0.3165± 0.0086 0.3021± 0.0076 0.2748± 0.0081 0.2705± 0.0071 0.323+0.029−0.012 0.2672+0.0097−0.011
rdragH0∗ 9890± 100.0 10080± 100 10620± 130 10690± 110 9820+120−430 10770± 210
zt∗ - - 0.330± 0.016 0.338± 0.014 0.292+0.019−0.026 0.339± 0.015
∆ 0 0 1 1 < 1.55 (3σ) 1.13± 0.28
∆χ2 0 0 3.638 -15.332 -1.42 -15.716
∆ DIC 0 0 5.29 -6.02 0.6 -2.88
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Figure 3. Constrain results for ΛCDM model (left plot) and GEDE model (right plot) from CMB and CMB+R19. The cyan
shadows show the 1σ H0 results from Riess et al. (2019). In the 1D likelihood of GEDE for ∆, we show ∆ = 0 for ΛCDM
model in black vertical line and ∆ = 1 for PEDE model in dark orange vertical line. Note that zt is not a free parameter and
is shown for clarity.
5where pD = D(θ) − D(θ¯) and D(θ¯) = −2 lnL + C,
here C is a ’standardizing’ constant depending only on
the data which will vanish from any derived quantity
and D is the deviance of the likelihood.
The value of DIC for a single model is meaningless
in this kind of study. What is useful is the difference
in values of DIC between cosmological models, ∆DIC.
Therefore in our analysis, we calculate the values of
∆DIC with respect to ΛCDM model for same observa-
tions. Negative values means the model fits the obser-
vations better than ΛCDM model while positive values
means the opposite.
We will show that by adding local measurement H0 =
74.03 ± 1.42 from Riess et al. (2019) to CMB mea-
surements, GEDE model behaves better than ΛCDM
model and in the context of the GEDE parametric model
ΛCDM model stays outside of the 4σ confidence limit.
3. RESULTS AND DISCUSSION
We summarize the best fit and the 1σ constrain results
using CMB and CMB+R19 for ΛCDM model, PEDE
model and GEDE model in Table 2. The three cosmo-
logical parameter denote with *, H0, Ωm and rdragH0,
are derived parameters. Parameter ∆ is fixed to 0 for
ΛCDM model and 1 for PEDE model and set as free
parameter for GEDE model. In the last two rows we
also show ∆χ2 and the ∆DIC values with respect to
ΛCDM model from same data combinations. We can
see that, both PEDE and GEDE works better with
respect to ΛCDM model with ∆χ2 = −15.332 and
∆χ2 = −15.716 when using CMB+R19, respectively.
When calculating DIC values, as can be seen from Ta-
ble 2, PEDE works the best within the three models for
CMB+R19 with ∆DIC = −6.02 with respect to ΛCDM
model and GEDE works better than ΛCDM model with
∆DIC = −2.88 for CMB+R19.
In Figure 3 we present 1σ and 2σ contours from CMB
and CMB+R19 for ΛCDM model (left) and GEDE
model (right).
From Table 2 and Figure 3, it is obvious that with
GEDE model, the constraints on H0 from CMB and
CMB+R19 is in agreement with each other at about
1.5σ confidence level and also agree with the local H0
results from Riess et al. (2019). One should note the
asymmetric probability distribution for Hubble constant
as it shows a longer tail at higher values in the 1D
posterior result considering CMB data alone. With
CMB measurement alone the constraints on ∆ param-
eter of the GEDE model do not distinguish between
ΛCDM model and PEDE-CDM model. However, for
the case of the combined CMB+R19 data, we can de-
rive ∆ = 1.13 ± 0.28 and it is very clear that ΛCDM
model (∆ = 0) is now outside 4σ confidence level re-
gion.
For comparison between different models, we show
the evolution of dark energy density Ω˜DE as a func-
tion of redshift z in Figure 4. The golden, dark or-
ange and the light orange lines corresponds to 1σ, 2σ
and 3σ confidence range of the dark energy density from
GEDE model from its converged MCMC chains fitting
CMB+R19 data. The black, blue and green solid lines
are the best fit results for GEDE, PEDE and ΛCDM
models respectively.
From Figure 4 it is clear that the CMB+R19 data
suggest an emergent dark energy behaviour while cos-
mological constant is well outside of the 3σ confidence
limits (it is in fact outside of the 4σ confidence limits
which are not shown). We should note that having an
emergent form of dark energy is not affecting much on
the posteriors of the parameters related to early universe
such as spectral index of the primordial fluctuations but
there are substantial differences calculating the ISW ef-
fect for in comparison with the case of cosmological con-
stant. However, due to cosmic variance, the CMB angu-
lar power spectrum data is not much sensitive to these
low multiple differences (Pan et al. 2019b). Some more
extensive analysis of the GEDE model would be useful
to have a better understanding of the behaviour of this
model. This will be done in future works.
4. CONCLUSION
In this work, Phenomenologically Emergent Dark
Energy model (PEDE) that was introduced in Li &
Shafieloo (2019) is generalised to GEDE model (Gener-
alised Emergent Dark Energy) which has one degree of
freedom for the dark energy sector and has the flexibil-
ity to include both PEDE model and ΛCDM model as
two of its special limits. We confront this model with
CMB measurements from Planck 2018 (Aghanim et al.
2018) and H0 result from local observations of Cepheid
in the LMC (Riess et al. 2019), as two most important
and independent cosmological observations at high and
low redshifts, and compare the results with the case
of ΛCDM model using DIC analysis and find that, 1)
our results are consistent with the previous analysis by
Li & Shafieloo (2019), Pan et al. (2019b) and Arendse
et al. (2019) that emergent dark energy model works
better than ΛCDM if we trust CMB measurements as
well as local H0 measurements (CMB+R19) and this
model can alleviate H0 tension that is present in ΛCDM
model. 2) using CMB+R19 data and within the context
of the GEDE parameterization, ΛCDM model (∆ = 0)
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Figure 4. The evolution of dark energy density Ω˜DE(z). Left plot show the evolution in linear scales of z from 0 to 2.5 while
right plot show the evolution in logarithm scales of 1 + z from 0 to 2.5. The golden, dark orange and the light orange lines are
from 1σ, 2σ and 3σ confidence range of the GEDE model fitting CMB+R19 data. The black, blue and green solid lines are the
best fit results from GEDE, PEDE and ΛCDM model respectively. It is clear that the CMB+R19 data suggest an emergent
dark energy behaviour while cosmological constant is very much outside of the confidence limits. The vertical lines display the
mean values of zt from CMB+R19.
is ruled out at 4σ confidence level, which is a strong
evidence for emergent dark energy behaviour.
We should note that future CMB measurements such
as Advanced CMB Stage 4 (Abazajian et al. 2016) can
surpass Planck CMB measurements in their ability to
put tight constraints on cosmological parameters, in-
cluding Hubble constant H0 assuming any particular
cosmological model. Furthermore, local H0 measure-
ment will be also improved with highly improved dis-
tance calibration from Gaia (Prusti et al. 2016) and
improved techniques such as using the tip of the red
giant branch to build the distance ladder (Freedman
2017) as well as using strong lens systems to measure
the expansion rate (Suyu et al. 2017; Birrer et al. 2019;
Liao et al. 2019). All of these improvement will lead to
higher precision of H0 measurements and would finally
shed light on the nature of the current tensions.
We should note that during the revision stage of this
work, some relevant analysis on PEDE as well as the
current GEDE model have been appeared in the litera-
ture Yang et al. (2020); Herna´ndez-Almada et al. (2020)
that can provide more information for the readers about
our emergent dark energy model.
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